Introduction {#Sec1}
============

A standard assumption underlying evolutionary game dynamics, regardless of whether a player is social agent or gene, is that players tend to imitate successful others. In actual social evolutionary dynamics, however, there may be zealous players that stick to one option according to their idiosyncratic preferences regardless of the payoff that they or their peers earn. Collective social dynamics in the presence of zealots started to be examined for non-game situations such as the voter model representing competition between two equally strong opinions (i.e., neutral invasions) (Mobilia [@CR17]; Galam and Jacobs [@CR9]; Mobilia et al. [@CR19]; Xie et al. [@CR30]; Singh et al. [@CR24]). Zealots seem to be also relevant in evolutionary game dynamics. For example, voluntary immunization behavior of individuals when epidemic spreading possibly occurs in a population can be examined by a public-goods dilemma game (Fu et al. [@CR8]). In this situation, some individuals may behave as zealot such that they try to immunize themselves regardless of the cost of immunization (Liu et al. [@CR14]).

In our previous work, we examined evolutionary dynamics of the prisoner's dilemma and snowdrift games in infinite populations with zealots (Masuda [@CR15]). Specifically, we assumed zealous cooperators and asked the degree to which the zealous cooperators facilitate cooperation in the entire population. We showed that cooperation prevails if the temptation of unilateral defection is weak or the selection strength is weak. For the prisoner's dilemma, we analytically obtained the condition of cooperation.

In the present paper, we conduct a finite population analysis of evolutionary dynamics of a general two-person game with zealots. Evolutionary games in finite populations have been recognized as a powerful analytical tool for understanding properties of evolutionary games such as conditions of cooperation in social dilemma games. In addition, the outcome for finite populations is often different from that for infinite populations (Nowak et al. [@CR21]; Taylor et al. [@CR26]; Nowak [@CR22]). We take advantage of this method to understand evolutionary dynamics of games with zealots for general matrix games.

It should be noted that the fixation probability, i.e., the probability that a given strategy eventually dominates the population as a result of stochastic evolutionary dynamics, is a primary quantity to be pursued in evolutionary dynamics in finite populations. Nevertheless, fixation trivially occurs in the presence of zealots if all zealots are assumed to take the same strategy; the zealots' strategy always fixates. For example, if there is a single zealous cooperator in the population, cooperation always fixates even in the conventional prisoner's dilemma game. However, in this adverse case, fixation of cooperation is expected to take long time; the relevant question here is the fixation time (Antal and Scheuring [@CR4]; Traulsen et al. [@CR27]; Altrock and Traulsen [@CR1]; Altrock et al. [@CR2]; Assaf and Mobilia [@CR5]; Ewens [@CR7]; Wu et al. [@CR29]; Altrock et al. [@CR3]; Assaf and Mobilia [@CR6]; Kreindler and Young [@CR13]). Here we examine the mean fixation time of the strategy selected by the zealots. This quantity serves as a probe to understand the extent to which zealots influence non-zealous players in the population. The fixation time would be affected by the payoff matrix, population size, number of zealous players, and strength of selection. We derive the asymptotic dependence of the mean fixation time on the population size when the fraction of zealots in the population is fixed. Mathematically, we extend the approach taken in Antal and Scheuring ([@CR4]) to the case with zealots.

Model {#Sec2}
=====
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Results {#Sec3}
=======

We calculate the mean fixation time and its approximation in the case of a large population size by extending the framework developed in Antal and Scheuring ([@CR4]) (also see Van Kampen [@CR11]; Redner [@CR23]; Krapivsky et al. [@CR12]; Ewens [@CR7]).

Mean fixation time: exact solution {#Sec4}
----------------------------------

Consider the state of the population in which $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$i$$\end{document}$ ($\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$0\le i\le N$$\end{document}$) ordinary players select strategy $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$A$$\end{document}$. A total of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$i+M$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$N-i$$\end{document}$ players, including the zealots, select strategies $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$A$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$B$$\end{document}$, respectively. The Moran process is equivalent to a random walk on the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$i$$\end{document}$ space in which $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$i=0$$\end{document}$ is a reflecting boundary, and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$i=N$$\end{document}$ is the unique absorbing boundary.
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Deterministic approximation of the random walk {#Sec5}
----------------------------------------------
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In this section, we analyze the order of the mean fixation time in terms of $\documentclass[12pt]{minimal}
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### Case (iii) {#Sec9}
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### Summary and the borderline case {#Sec10}
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Dependence of the mean fixation time on the selection strength {#Sec11}
==============================================================

We examine the influence of the selection strength, denoted by $\documentclass[12pt]{minimal}
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Examples {#Sec12}
========

We compare the mean fixation time for some games with that for the neutral game, i.e., $\documentclass[12pt]{minimal}
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Constant selection {#Sec13}
------------------

As a first example, consider the case of frequency-independent selection such that $\documentclass[12pt]{minimal}
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Prisoner's dilemma game {#Sec14}
-----------------------

Consider the prisoner's dilemma game with a standard payoff matrix given by $\documentclass[12pt]{minimal}
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Snowdrift game {#Sec15}
--------------

In this section, we examine the snowdrift game (Maynard Smith [@CR16]; Sugden [@CR25]; Hauert and Doebeli [@CR10]) defined by $\documentclass[12pt]{minimal}
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Discussion {#Sec17}
==========

We extended the results for the fixation time under the Moran process (Antal and Scheuring [@CR4]) to the case of a population with zealous players. Similar to the case without zealots (Antal and Scheuring [@CR4]), we identified three regimes in terms of the payoff matrix, number of zealots, and selection strengths. In one regime, the fixation time is small (i.e., $\documentclass[12pt]{minimal}
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Mobilia examined the prisoner's dilemma game with cooperation facilitators (Mobilia [@CR18]). A cooperation facilitator was assumed to cooperate with cooperators and not to play with defectors. The cooperation facilitator and zealous cooperator in the present study are common in that they never change the strategy. However, they are different. First, zealous cooperators are embedded in a well-mixed population such that they myopically cooperate with defectors as well as cooperators. Second, the ordinary players may imitate the zealous cooperator's strategy (i.e., cooperation). In contrast, players do not imitate the cooperation facilitator's strategy (i.e., cooperation) in Mobilia's model. As a consequence, cooperation does not always fixate in his model.

Examination of the case of imperfect zealots, in which zealots change the strategy with a small probability (Masuda [@CR15]), warrants future work.

Appendix A: Derivation of Eq. ([6](#Equ6){ref-type=""}) {#Sec18}
=======================================================
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Appendix D: Steepest descent method {#Sec24}
===================================
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Appendix E: Weak selection introduced via an exponential function leads to fast fixation {#Sec25}
========================================================================================
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